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Abstract

We address the issue of approximating the pseudoinverse of the coefficient matrix A for dynami-
cally building preconditioning strategies for the numerical solution of large dense linear least-squares
problems. The new preconditioning strategies are embedded into simple and well-known iterative
schemes that avoid the use of the, usually ill-conditioned, normal equations. We analyze a scheme
to approximate the pseudoinverse, based on Schulz iterative method, and also different iterative
schemes, based on extensions of Richardson’s method, and the conjugate gradient method, that are
suitable for preconditioning strategies. We present preliminary numerical results to illustrate the
advantages of the proposed schemes.

Key words: Schulz method, pseudoinverse, linear least-squares problems, preconditioned Richard-
son’s method, conjugate gradient method.

1 Introduction

We are interested in solving dense large-scale linear least-squares problems of the form:

in ||[Az —b 1

min |4z b, 1)

where A is an m X n matrix, with m > n. The solution of (1) can be obtained by solving the normal
equations

AT Ax = AT, (2)

which can be solved by using direct methods or iterative methods combined with preconditioning
techniques. For a complete revision on the difficulties of solving the normal equations, and for some
possible remedies see, e.g., [3, 15, 16].

Direct methods for solving (2) are based on matrix factorizations (e.g. Cholesky, QR or the SVD
factorization). If the pseudoinverse, AT € IR"*™, of the matrix A is available, then the minimum norm
solution of (1) is given by = = ATb.

From a historical perspective, iterative methods have been mainly associated with sparse large-
scale problems [15, 17]. Nevertheless, in the last two decades, mainly due to the popularity of parallel
architectures, there have been a growing interest in using iterative methods also for dense large-scale
problems; see, e. g., [6, 19]. Dense large-scale least-squares problems appear in astronomy, geodesy,
and statistics, among others; see, e.g., |1, 2, 7, 8, 11].
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The main observation in this work is the following: if we could obtain by some means an approx-
imation C' € IR™™ of the matrix AT, then we could use it as a preconditioner for the well-known
conjugate gradient method, and also for the following iterative residual-type scheme

Tt1 = T + M Cr, (3)

where rp, = b — Axy, is the residual vector at xy, and A\ > 0 is a suitable step length.

The scheme (3) can be viewed as a preconditioned Richardson’s method. Clearly, if C' = Af, and
Ar = 1, then the iterative scheme (3) finds the solution of (1) in one iteration. In practice, the better
C approximates AT the fewer iterations are required in either the conjugate gradient method or in (3),
to solve (1); see e.g., [4, 5].

In this work we will analyze some ideas to find an approximation of the rectangular matrix Af
which are based on the classical Schulz iterative method [18]. We will also describe how to choose the
step length Ay to guarantee the convergence of (3). A similar combination of (3) with Schulz iterative
method has been analyzed for solving nonsingular linear systems of equations in [4].

The rest of this work is organized as follows. In section 2, we recall Schulz method to approximate
the pseudoinverse of A and analyze some of its key features for solving (1). In section 3, we present
and analyze the so-called Richardson-PR2 extension of the classical Richardson’s method, developed
by Brezinski [4, 5] for solving linear systems of equations. In section 4, we combine the Richardson-PR2
method, as well as the conjugate gradient method, with a dynamical preconditioning strategy based
on Schulz method for solving least-squares problems. In section 5, we present preliminary numerical
results on some dense ill-conditioned least-squares problems. Finally, in section 6, we present some
final remarks.

2 Schulz method to approximate the pseudoinverse

Schulz method is a well-known iterative method to approximate the (pseudo) inverse of a matrix
A. From a given My, it produces the following iterates

My 41 = 2My, — M, AM,,. (4)

Schulz method can be obtained applying Newton’s method to the related map F(X) = X!~ A. It was
originally developed by Schulz [18], and possesses numerical stability, local g-quadratic convergence,
and global convergence from some specific choices of My (e.g., My = AT /||A||3). Moreover, if A does
not have an inverse the scheme given by (4) converges to A, the pseudoinverse of A; see [13] and its
references for a complete revision of this topic.

The necessary and sufficient condition for the convergence of Schulz method, to approximate the
inverse of a given nonsingular matrix (m = n) or to approximate the pseudoinverse of a rectangular
full-rank matrix A € R™*", is well-known; see e.g., [9, 10].

Theorem 2.1. Let A € R"™*™ be a full-rank matriz, and let My € R™"*"™. The sequence (4) generated
by Schulz method converges to AT if and only if p(I — AMy) < 1, where p(C) is the spectral radius of
the matriz C.

From a computational point of view, an interesting relation obtained from (4), that will be used
later in this work, is the following. For any k,

I — M A=1—(2M;, — M, AM)A = (M, A)? —2M, A+ 1 = (I — MA)?.
Therefore, using an inductive argument

I— MyA=(I—M_1A)?%= (I - M_3A)*)? == (I—MA?.



Let us now define By = M A, which combined with the previous equality, yields
By =1—(I-By)?. (5)

Notice also that the matrix products My A or AM) would produce dense matrices even if A is a sparse
matrix, and so, Schulz method is not suitable in the sparse case; whereas in the dense case it does not
introduce any additional fill-in.

A well-known and suitable choice for My € R™ ™ that satisfies the convergence condition in
Theorem 2.1 (see, e.g., [9]), is

Mo= Ao ©)
DAl

To close this section, we will establish two theoretical results that are relevant to the application of
Schulz method to rectangular matrices. First, we will discuss an orthogonality condition of the product
My (b — Ax) which is analogous to the standard orthogonality condition that holds at the solution of
linear least-squares problems. Second, we are going to prove that if Ay, is the i-th eigenvalue of M A,
then Ay, is also the k-th Newton iteration for finding the root of the function f(z) =1 — 1/x (which
is clearly « = 1) from the initial guess Ao,, the i-th eigenvalue of MpA.

Before we proceed we need to show, as a preliminary result, that the eigenvalues of M A, for all k,
are all uniformly bounded.

Theorem 2.2. Let A € R"™*™ be a full-rank matriz with m > n, and let My, be the k-th Schulz iterate
(4), where My is given by (6). Then, for any eigenvalue X\; of the matriz MiA, 0 < \; < 1.

Proof. For k = 0, My = AT/||A||3, and so MyA = ATA/||A||3. Since A is full-rank, then MpA is
symmetric positive definite and hence all its eigenvalues are real and positive. On the other hand, for
any M, the spectral radius p(M) is less than or equal to the norm of M for any matrix norm, and so

AT A AT A
0 <o) = (i) < H

1413 1413
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Therefore, the result holds for £ = 0. Now, let k¥ > 1. Using the recurrence (5), we have that
MyA=1—(I— MyA*

If we now consider the polynomial p(z) = 1 — (1 — x)Qk, My A can be written as MpA = p(MpA),
and its eigenvalues are of the form A(\;) =1 — (1 — )\i)zk where ); is an eigenvalue of MyA. Since
0 < \; <1, it follows that 0 < A()\;) < 1, and the result is established for k& > 1. O

We can also establish a bound for the eigenvalues of the matrix 21 — M A.
Corollary 2.1. For any eigenvalue A\; of 21 — MiA, 1 < \; < 2.

Proof. Consider the polynomial p(z) = 14z, and write 2] — M A = p(I — M} A). Since the eigenvalues
of I — My A are in the interval (0, 1] the result follows directly. Ul

Let us now establish the key orthogonality result.

Theorem 2.3. Let A € R™*™ be a full-rank matriz with m > n, b € R™, and let My, be the k-th Schulz
iterate (4), where My is given by (6). Then xp is the least-squares solution of (1) if and only if the
following orthogonality condition holds:

My (b— Azp) =0, k=0,1,...



Proof. The proof is by induction on k. For k = 0, My = AT /|| A||2, and using the standard orthogonality
condition, AT (b — Az) = 0, obtained from (2) for linear least-squares solutions, we have that
1

My(b— Azxpy) = A2 (AT (b — Ax)) =0,

if and only if zps solves (1). Now, for k =i > 1, let us assume the inductive hypothesis M;(b— Axyr) =
0. It suffices to show that the result holds for £ = 7+ 1. In that case

M1 =2M; — M;AM; = (21 — M;A) M,

and so

Using now the inductive hypothesis M;(b — Axys) = 0, it follows that (21 — M;A) M;(b — Azxps) = 0.
For the only if part, we need to guarantee that zero cannot be obtained in the product of (21 — M;A)
times a nonzero vector; i.e., we need to verify that if b’ € R™ then (21 — M;A) V' = 0if and only if &’ = 0;
which holds when the matrix (27 — M;A) is nonsingular. By Corollary (2.1), (27 — M;A) is clearly
nonsingular since all its eigenvalues are in the interval (1,2]. Consequently, setting b’ = M;(b — Ax )
the result is established for &k =i + 1. O

Theorem 2.3 plays a central role in our work, since it indicates that the choice of My, as a preconditioner,
is very convenient in the sense that the resulting preconditioned system has n equations and n unknowns
and its solution coincides with the solution of (1).

Our next result establishes the connection between the eigenvalues of M, A and the Newton itera-
tions for finding the root of the function f(z) =1—1/x.

Theorem 2.4. Let A € R™™ be a full-rank matriz with m > n, My be the k-th Schulz iterate (})
where My is given by (6), and let Ay, be the i-th eigenvalue of My A. Then A, is also the k-th Newton’s

iteration in one variable to find the root of f(x) = 1—1/x, from Xo,, the i-th eigenvalue of MyA, where
Mo = AT/||AJ3.

Proof. For f(x) =1 — 1/x, the one-dimensional Newton iteration is given by

et = T — f(zg)
f'(zk)

:$k+$k(1—l‘k):2$k—$%:1—(1—$k)2.

Therefore 1 — 41 = (1 — 23)?, and using an inductive argument, we obtain the recurrence

2 k
l—ap=(1—az5_1) = -=1—(1—m)" .

Hence, Newton’s iteration for f(x) =1 — 1/x can also be written as
o =1-(1—-0)%.

On the other hand, for £ > 1 we already established that MyA =1— (I — MOA)Zk. If we now consider

the polynomial py(z) = 1—(1 — 93)2k, we have that py(MpA) = My A, and so pg(Ao,) = 1— (1—)\0i)2k =

Ak;, and the proof is complete. ]

Theorem 2.4 shows that using the matrices My as preconditioners tends to cluster the eigenvalues of
the resulting preconditioned system around A = 1 when k increases; which is a convenient effect to
accelerate the convergence of iterative methods.



3 Extensions of Richardson’s method for linear systems

A classical iterative method for solving linear systems of the form Ax = b, which is well-suited for
preconditioning strategies, is Richardson’s method, that can be written as

PO ), (M)
where \; can be chosen in different ways [5, 14, 20]. The standard choice that minimizes ||r*+1 |3, is
given by
( Ar(k))T (k)

[Ar®)]3

An extension of Richardson’s method, which includes the use of arbitrary search directions, and
hence allows the use of preconditioning strategies, was developed by Brezinski [4, 5| as follows. Consider
the sequence {x(k)} generated by (7), and define a new sequence {y(k)} given by

A= —

y®) = () _ 2 (8) .
) = r) 4\ Az(0) (®)

where p®) = b — Ay®) is the new residual vector associated with y*), and z*) is a new search
direction that, in principle, can be chosen arbitrarily. From now on, as suggested in [4], we denote the
method given by (8) as Richardson-PR2. Later in this work, we will combine Richardson-PR2 with
Schulz iterations to build preconditioned directions 2(*) and solve (1). In [12], Richardson-PR2 has
been successfully combined with some standard preconditioning strategies for solving nonsymmetric
positive definite linear systems of equations.

In (8), the step length ) is chosen to minimize |[p(*)||3, i.e., it is given by

AN T (k)
P i) )
" A2M)]3

Notice that using (9)
903 = pBT o0 = (+BT 4 A (Az0)T) (8 4 ag(424))
= rBOTRR) L ox, (Az0N)T () L A2 (Az0)T (42R)

2
_ Hr(’“)H% B ((Az(k))Tr(k))
((A=()T(A2(4)))*
FREONMON
_ g - LA ) e

1AZ® 13- #)3
= (1 — cos*(6)) Ir ™3,

and hence
min (”P(k)!b) = [r®)]5 sin(0y), (10)
k

where 6}, is the angle between r®) and Az(®). Therefore, with this optimal choice for A\, we have that
1P ™l < [1r®]l2

and so, since r¥) — 0 when k — oo, we obtain

TP . :
=0 lim 6 = 0or lim 6 = 7. 11
0, ), 0 B =00r i e = )




In other words, when using A, ;. a sufficient condition to obtain a significant acceleration with respect
to the classical Richardson’s methods is that either 8, — 0 or 6, — 7. If we define

B (Az(k))(Az(k))T
S VT P ()
it follows that
P = (1= Qu)r™®. (13)

Notice that Qz = @ and Q;‘g = @, and so I — Q) is an orthogonal projection. As a consequence,
we obtain a geometrical interpretation of the optimal choice of step length (9): the residual p*) is the
orthogonal projection of ) onto Az(*).

In case of solving a square nonsingular lineal system, the condition (11) for the convergence of ptk)
implies that p*) tends to zero if and only if #*) and Az are collinear, i.e., z®) = £8471r®) for
some § € R and 3 # 0. However, such a choice for z*) is not practical, since it requires A~1. A
practical option, instead, is to choose a sequence of matrices {Cj} converging to A~!. In that case,
the search direction is given by

20 = Cpr®), (14)

Using (14), the scheme given by (8) can now be written as

y®) = () — N\, Cpr®

e = (ACr®) T 7 (®)
T IACH TR
Finally, by reassigning (or cycling) the sequence of iterates (see [5]), z(*t1) = y(*) and r(+1D = pk),
at every k, we obtain the following scheme starting from a given 2(©) and r(® = b — A2
x(k+1) = :L'(k) + )\kckr(k)
T'(kJrl) = T(k) — )\kACkT'(k) (16)
N — (AC)r®)) (k)
b ACH

Note that, as expected, if we fix Cy = I for all k in (16), the classical Richardson’s method (7) is
obtained.

Algorithm 3.1 presents the general version of Richardson-PR2 to solve Az = b. In Algorithm 3.1
we assumne the existence of a procedure to build a preconditioner matrix C} at every iteration, starting
from a given Cy. For Algorithm 3.1, and for all the forthcoming algorithms in this work, Nype. is a
given positive integer that represents the maximum number of iterations; and € > 0 is a given real
number for stopping the iterations.

4 Preconditioning least-squares problems using Schulz method

In this section we will combine Algorithm 3.1 and Schulz method, given by (4), to solve (1) using
an extended preconditioned Richardson’s method; i.e., we will use, in Algorithm 3.1, Cx = M} for all
k. A similar combination for solving nonsingular linear systems of equations can be found in [4]. We
will also describe a straightforward combination of Schulz method with the well-known preconditioned
conjugate gradient method to solve (1).

First, we discuss the condition number of the least-squares problem (1) when the matrices My,
obtained from Schulz method, are used as preconditioners. For that the condition number of the
rectangular matrix A plays an important role [3]. The standard definition that generalizes the condition
number of nonsingular matrices is k(A) = ||A||2||At||2 = o1/0,, where 0 < r = rank(A) < min(m,n),



Algorithm 3.1 Richardson-PR2 (General version)

1: function R1CHARDSONPR2(A, b, (9, Cy, Nypaz, €)
2 0 — p— Az

3 for k=0,1..., Npe: do
4 U — CkT(k)

5: u «— Av

6 pp — ulrk)

7 P2 — uly

8 Ak < p1/p2

9: gk k) 4 ARV
10: r+D) (k) — N\
11: if |7+ ||y < € then
12: return z*+1

13: end if

14: end for
15: end function

and o1 > g9 > -+ > 0, > 0 are the nonzero singular values of A. It is well-known that in general the
condition number of least-squares problems depends on A and also on the right-hand side b. Moreover,
From Theorem 1.4.6 and Remark 1.4.1 in [3], it follows that if rank(A) = n, then

1712
kLs(A,b) = Kk(A) (1 + Kk(A)— (17)
[All2]lzLsll2

where r = b — Azpg and zg solves (1).

Now, if M}, for any k, obtained from Schulz method, is used as a preconditioner, then the least-
squares condition number in (17) becomes
| M (b— Azps)||2
[MyAll2llzLs 2
From Theorem (2.3) it follows that My (b— Axrg) = 0 for all k. Therefore, we deduce that using Schulz
iterates as preconditioners eliminates the term of order x?(A) in (18), yielding

kLs(MyA, Myb) = k(MiA). (19)

KLS(MkA, Mkb) = /i(MkA> + H2(MkA) | (18)

Since M;, converges to AT, using M, for k sufficiently large, guarantees that xpg(MyA, Mpb) ~ 1. In
other words, using the matrices My as preconditioners produce the desired effect of accelerating the
convergence of residual iterative methods.

We are now ready to present, in Algorithm 4.1, the combination of Algorithm 3.1 and Schulz
method for solving the linear least-squares problem.

To finish this section, we now describe how to combine Schulz method with the well-known pre-
conditioned conjugate gradient method (see, e.g., [15]), for symmetric and positive definite systems, to
solve (1). Notice that from the proof of Theorem 2.2 it is clear that MyA is symmetric and positive
definite for any k£ > 0; and also that from Theorem 2.3 solving M Az = Mjb for any k > 0 is equivalent
to solving the original least-squares problem (1). Hence, the conjugate gradient method can be applied
to the system MpAx = Mb for a preestablished value of k. This combination will be denoted from
now on as the CG-Schulz method.

5 Numerical Experiments

In this section, we present some numerical experiments to illustrate several aspects of the proposed
schemes CG-Schulz and and also PR2-Schulz, described in Algorithm 4.1, as well as their performance



Algorithm 4.1 PR2-Schulz

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:

function PR2-ScHuLz(A, b, 29, Npae, €)

r0 — p— A0

M — AT/ Al

d — Mr©

for k=0,1..., Npyar do
u «— Ad
p1 — ulr®)
p2 —ulu
Ak < p1/p2
g ® D 2(®) 4 \,d
ptD) o B) — N
M «—2M — MAM
d — Mr(k+1)
if ||d||2 < € then

return z*+1

end if

end for

18: end function

on dense linear least-squares problems. The experiments were carried out in MATLAB() R2008a on
an INTEL®© Core 2 DUO@1.8 GHz machine with 2Gb of RAM, running the Windows XP operating
system.

The dense matrices to be considered in our experiments are generated by MATLAB(©functions:

e Matrix NormRand(u, o, m,n), which is a dense m x n real matrix with normally distributed ran-

dom values (average p and standard deviation o). It is generated using the MATLAB(©command
randn(m,n).* o+ u. The condition number of these matrices depends on o and p. When p = 0,
the smaller the value of ¢ the higher the condition number of the matrix.

Matrix RandSingVal((o1,...,05),m), which is a dense m X n real matrix with randomly dis-
tributed singular values o1, 09, ... 0y, obtained as follows:

1. Let U € R™"™ and V € R™" be dense matrices generated with the MATLAB(©rand
function.
2. Let Q1, R; and @2, Re be the QR factorizations of U and V respectively.
3. The final matrix is obtained as Qi * diag(c1,09,...,0,,0,...,0) * Q%"
Matrix RandSV D(m), from the MATLAB©gallery. It is a dense m x m real matrix whose

singular values are geometrically distributed between 0 and 1. These matrices are extremely
ill-conditioned, with condition number of the order of 1/1/€, where € is the machine epsilon.

Our numerical tests are divided in two groups. First, we present some experiments to appreciate

the quality of the matrices M} as preconditioners. We will illustrate, e.g., that when k — oo, the
eigenvalues of M A tend to 1, as indicated by Theorem 2.4. Second, we will present experiments to
illustrate the advantages of our combined schemes to solve least-squares dense linear problems.

5.1

M, as a preconditioner

In this section, we present some experiments to illustrate the quality of the matrices M}, when

used as preconditioners, to accelerate iterative methods for solving problem (1).
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Figure 1: k(MyA) when k increases for matrices in subgroup A

In our first experiment, we monitor the condition number x(MyA) when k increases, where M is
the Schulz iterate for the matrix A. For that, we consider the following test matrices:

1. Subgroup A

o DA11 = NormRand(100, 5,200, 20), for which x(DA11) = 1.45 x 102.
e DA12 = NormRand(300, 10, 300, 100), for which k(DA12) = 6.9 x 102.
e DA13 = NormRand(500, 20,1000, 400), for which x(DA13) = 1.35 x 103.

2. Subgroup B

e DBI11 = RandSV D(500), for which x(DB11) = 6.71 x 107.

e DB12 = RandSingVal((10,500,5000,5 x 10*,5 x 10,5 x 10%),100), for which
k(DB13) =5 x 10°.

e DB13 = RandSingVal((100,500,5000,5 x 10%,5 x 105, 5 x 10%),100), for which
k(DB13) =5 x 10°.

Figures 1 and 2 show the value of M A as k increases for each subgroup. We can observe the fast
convergence of k(MyA) to 1, as indicated by the theoretical results in section 2.

For our second experiment, we monitor the convergence of the eigenvalues of My A towards 1. For
that we consider the test matrix DA21 = RandSingVal((1,2,3,4,5),100). We have chosen this test
matrix with very few columns to easily visualize the spectrum of MpA as k increases. Figure 3 shows
the behavior of the five eigenvalues of My A as k increases. For this particular experiment we computed
the eigenvalues of M A using the MATLAB(©function eig, and we also computed the one-variable
Newton iterations on the function f(x) =1 — 1/x, using as initial values the eigenvalues of MyA. We
can observe that the eigenvalues converge to 1, as indicated by Theorem 2.4. Notice also that the
convergence accelerates in the last iterations, which is a standard observation for Newton’s method.
Similar results were obtained when this experiment was applied to matrices in subgroups A and B.

5.2 PR2-Schulz and CG-Schulz for least-squares problems

In this section, we present some experiments to illustrate the performance of the proposed schemes
(PR2-Schulz and CG-Schulz) on dense linear least-squares problems. For comparisons we will use the
Richardson-PR2 method (Algorithm 3.1) fixing Cy = I for all k, when applied directly to the normal
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Figure 2: k(MyA) when k increases for matrices in subgroup B
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Figure 3: Convergence of the eigenvalues of My A when k increases for A = DA21

equations (2), i.e., using the square and nonsingular A7 A as the coefficient matrix, and A7b as the
right hand side vector. This combination will be denoted as Richardson-NEQ.
We consider the following test matrices:

e DDI11 = RandSingVal((1: 0.1 :20),500), for which x(DD11) = 20

(
e DDI12 = RandSingVal((1,2,...,98,500,1. x 10%),500), for which x(DD12) = 1. x 10°
(

(

(
e DD13 = RandSingVal((0.01,1,2,...,297,500, 1. x 10°%),500), for which x(DD13) = 1. x 108

(

e DD14 = RandSingVal((0.01,1,2,...,297,500, 1. x 10%),5000), for which x(DD14) = 1. x 107

In all our experiments we set b= (1,1,1,...,1)T and 29 = (1,1,1,...1)”. The tolerance for stopping
the iterations is € = 1078, and the maximum number of allowed iterations is M. = 200. Based
on Theorem 2.3, for the PR2-Schulz and the CG-Schulz methods we could stop the iterations when
||Mgrrlla < e. Nevertheless, in PR2-Schulz M} changes dynamically at every k, whereas in CG-
Schulz M is a fixed given matrix, computed in advance using Schulz method, and then applied as
a preconditioner to the CG method for all iterations. Hence, for the sake of comparisons, in all our
experiments we will consider the norm of the least-squares residual, ||A” (Axy, — b)||2, for the stopping

10
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Figure 5: Norm of the residual of PR2-Schulz and Richardson-NEQ for A = DD12

criteria. In the first set of experiments we compare the PR2-Schulz method with the Richardson-NEQ
method, and stop the iterations when the norm of the residual is sufficiently small, i.e., when

1AT (Azg = )2 < e.

For all the other experiments, we stop the iterations when the relative norm of the residual with respect
to the initial residual is sufficiently small, i.e., when

IAT (Azy, — b)ll2/ | AT (Azo — D)2 < e.

In Figures 4 and 5 we report the norm of the residual per iteration for PR2-Schulz and Richardson-
NEQ for A = DDI11 and A = DD12, respectively. We clearly observe that applying the classical
Richardson method on the normal equations, as expected, is extremely slow and requires a prohibitive
amount of iterations to reduce the norm of the residual to e = 1078, We can also observe that
applying the preconditioning strategy based on Schulz method (PR2-Schulz) drastically reduce the
number of required iterations to achieve the same high accuracy. It is worth mentioning that the
computational cost per iteration for Richardson-NEQ is mainly two matrix-vector products, and the
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Figure 6: Norm of the relative residual of CG-Schulz for A = DD13 with three different values of k to
build in advance the preconditioner M}, (k = 20,30, 45).

computational cost per iteration for PR2-Schulz is mainly two rectangular matrix-matrix products (to
obtain My AMy). In spite of requiring less computational work per iteration, Richardson-NEQ is not
a competitive option for accurately solving large dense linear least-squares problems.

Now we would like to consider the CG-Schulz method for solving least-squares problems. In this
case, one important issue is the number of previous Schulz iterations required to build a suitable
preconditioner in advance. In order to illustrate this important issue, we report in Figure 6 the norm
of the relative residual per iteration of CG-Schulz for A = DD13 and three different values of k to
build in advance the preconditioner My, k = 20,30,45. The most important observation is that the
choice of the parameter k is critical. Notice that for the matrix A = DD13, k = 20 does not produce a
sufficiently good approximation to the pseudo-inverse, and as a result, the sequence of relative residual
norms generate overflow values and the process is abruptly stopped. On the other hand, k = 45
produces an excellent approximation to the pseudo-inverse and then, using Mys as a preconditioner,
only 5 CG iterations are required. When k& = 30, the CG-Schulz method converges but requires 62
iterations. Notice that in the CG-Schulz method the main computational cost is required for building
the preconditioner M, and, in that first stage, 2k rectangular matrix-matrix products are required, as
in the PR2-Schulz method. Once the matrix M} has been built, the required computational cost in
the preconditioned CG method is almost irrelevant since they require only matrix-vector products.

Consequently, in order to compare the behavior of the PR2-Schulz method and the CG-Schulz
method, different values of k to build the preconditioner in the CG-Schulz method need to be con-
sidered. In Figures 7 and 8 we report the norm of the relative residual per iteration of PR2-Schulz,
and CG-Schulz for A = DD14 and A = DD13, respectively, and two different values of k to build in
advance the preconditioner M using Schulz method. Notice that it is always possible to find a value
of k for which the matrix M}, is good enough to guarantee that CG-Schulz requires very few CG itera-
tions. However, as mentioned before, the computational cost for building such a good approximation
to the pseudo-inverse could represent an excessive amount of work. It is also worth mentioning that
the PR2-Schulz method represents a robust option that builds the matrix M} dynamically, avoiding
the choice of a critical parameter in advance. It is also interesting to observe, from Figures 7 and 8,
that the PR2-Schulz method requires very few iterations to achieve low accuracy (e.g. € = 107%), and
seems to be the best option in that case.

To close this section we would like to notice that using CG-Schulz with k = 0, where M is given by
(6), is exactly the same as using CG directly on the normal equations (2). This option has produced
very poor results on all the considered test matrices. Therefore, based on our numerical experience,

12
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Figure 7: Norm of the relative residual of PR2-Schulz, and CG-Schulz for A = D D13 with two different
values of k£ to build in advance the preconditioner M} (k = 30,40).
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Figure 8: Norm of the relative residual of PR2-Schulz, and CG-Schulz for A = D D14 with two different
values of k£ to build in advance the preconditioner M} (k = 20, 30).

CG on the normal equations is not a competitive option for dense ill-conditioned linear least-squares
problems.

6 Final remarks

The main contribution of this work is the use of Schulz method to build rectangular preconditioners
that can be embedded into some classical and well understood iterative schemes to accelerate the
convergence when solving dense linear least-squares problems.

The Schulz preconditioning scheme was combined with an extension of Richardson’s method (PR2-
Schulz), producing a robust option for large and dense problems. It was also combined with the
conjugate gradient method (CG-Schulz), and in this case the number of Schulz iterations needs to
be defined in advance, which turns out to be a critical choice. For some choices of the number of
preliminary Schulz iterations, the CG-Schulz method could be very competitive and convenient, and
for some others it could not work at all. The optimal value of the number of Schulz iterations, in terms
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of the required computational work, for the CG-Schulz method is a key issue that deserves further
investigation.

The most significant computational cost in PR2-Schulz and also in CG-Schulz is the two rectangular
matrix-matrix products per iteration. In order to reduce this cost to only one matrix-matrix product
per iteration, we have explored a couple of options. Using the expression for My_1 A in (5) it follows
that for any vector w

Myw = 2Mj,_qw — (I - MOA)Qk’l) M, qw

ok—1

= Mp_qw—+ (I - M()A) w. (20)

To find a recursive expression of dy11 = Mk;+1r(k+1) for all k, we combine r**1) = (k) — \, AMr(F)
and equation (20), where P, = (I — MOA)Zk, to obtain

dir1 = Myr®+D 4 p M (D)
= M (1% = \AMr ) 4 Pedy (7 = A AMr )

= Mypr® — X\ Myr® P Myr® 1 2y, PEMr®)
= (1 = M) dg + Pypdy + \pP2dy.

A second and simpler option is based on the direct calculation of By = MpA and z; = Mb indepen-
dently instead of M7y, using the following recursions: Byy1 = Bi(2I — By), and zx11 = (21 — By) 2.
We have run the same experiments reported in the previous section, with these two less expensive op-
tions, obtaining the same number of iterations of CG-Schulz and PR2-Schulz whenever the condition
number of the matrix A is not too ill-conditioned. However, for very ill-conditioned problems, they
have shown some numerical instability at the last iterations. For that reason we are not reporting with
these two variants. Exploring the possibility of stabilizing these schemes is an interesting line of future
research.

The extension of the Schulz preconditioning strategy for sparse problems is a very difficult task. On
one hand, the matrix-matrix products in Schulz method produce significant fill-in from the beginning
of the process, and therefore, the sparsity in the matrix M A would be lost almost immediately. On
the other hand, if we introduce a dropping strategy in Schulz method to preserve the sparsity pattern,
then the orthogonality condition in Theorem 2.3 is lost. This orthogonality condition is the most
important feature of the combined preconditioned schemes discussed in this work.
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